Abstract. Given a smooth closed S 1 -manifold M , this article studies the extent to which certain numbers of the form (
Introduction
Terminological convention. Throughout this article, unless indicated otherwise, "Lie group" and "G" signify "positive-dimensional connected compact Lie group", "manifold " and "M " signify "oriented closed smooth manifold ", and, "action" signifies "smooth action".
Given a manifold M , let π denote π 1 (M ) and let f : M → K (π, 1) classify the universal covering space of M ; let C be an element of the subalgebra of H * (M ; Q) generated by H 2 (M ; Q), and let P be a rational polynomial in the Pontrjagin classes of M .
Suppose M is an S 1 -manifold. Let o : S 1 → M be the orbit of some basepoint in M . As a standard fact, o * π 1 S 1 is a central subgroup of π. Let π = π/o * π 1 S 1 , and let ρ : π → π be the quotient map. Let x ∈ H * (π; Q), y ∈ H * (π ; Q). This article mainly studies the extent to which certain numbers of the form (f * (x) · P · C) [M ] are determined by the fixed-point set M
In this Introduction, a number of salient results of this work are described along with a review of some related existing results. I first give an overview of several vanishing statements, which form various parts of Theorem A. The proof of parts of Theorem A relies in an essential way on some localization results stated in Theorem C, the exposition of which forms a major portion of this article. I mention in Theorem D two vanishing propositions about certain spin S 1 -manifolds of a similar flavor. Theorem B provides a digression related to Theorem A (3 ) .
Using the then newly invented index theory, [2] obtains "residue formulae" for the Pontrjagin numbers of M in terms of the submanifold M [M ] is an obstruction to any G-action with G semisimple. I mention two earlier results along this direction. [4] shows that, if M is aspherical, then the only Lie groups acting effectively on M are tori with dimensions bounded above by rank Z (π) ("Z" signifying "the center of "), and such effective torus-actions must be fixed-point-free and have only finite isotropy subgroups. [12] shows that, if there exist ω 1 , · · · , ω m ∈ H 1 (M ) such that j ω j [M m ] = 0, then the only Lie groups acting effectively on M are tori. Note that weaker than the hypotheses of both of these two statements is the condition that f * [M ] = 0; thus the following theorem generalizes them. The core of the proof of Theorems A(2) and A(3) is some "localization analysis" which the next theorem deals with. Given an S 1 -manifold M , Theorem C treats "localization" of (P · C) [M ] , i.e., determination of such numbers in terms of fixedpoint data. Let R = c k · P [M ] where c ∈ Im H 2 (M ) → H 2 (M ; Q) . It turns out, as a matter of algebra, that to compute (P · C) [M ] , it suffices to only compute R. Therefore, the next theorem is only stated for R.
Let L (c) be the complex line bundle over M whose first Chern class is c. Call the linear S 1 -action on a fiber of the normal bundle over M S 1 an isotropy S 1 -representation.
Theorem C. Let M be a S
1 -manifold. 
(The condition on the extension of the S 1 -action to some G-action appearing in Theorem C is discussed in the Remark below.) Suppose M is a spin manifold admitting a nontrivial S 1 -action. [1] shows that itsÂ-genus vanishes; [3] proves that certain higherÂ-genera vanish. (A higher A-genus is a number of the form f
Theorem D. Let M be a spin manifold admitting a nontrivial S 1 -action which extends to a G-action with G a semisimple Lie group.
Remark. (2) ; hence the condition is met. (SU (2) happens to be the only semisimple Lie group that can act semifreely on manifolds.)
In general, given a G-action, one may ask when there will be a circle subgroup 
So we may write
where α 2k (F ) ∈ H 2k (BG; Q), α ∈ H 2(k−j) (BG; Q) and β ∈ H 2j (F ; Q) with j > 0. [6] 
Preliminaries
The purpose of this section is three-fold: to review some existing results, to deduce some immediate consequences of them relevant to our developments, and in doing so, to establish notation and terminology.
2.1. Equivariant bundle theory. We review the problem of lifting a group action on X to an action on the total space of a bundle over X. We will be primarily interested in the case of an S 1 -bundle (or equivalently, a complex line bundle).
2.1.1. Lifting G-actions in fiber bundles. Let X be a G-space and E Pr → X a principal H-bundle, G and H being Lie groups (not necessarily connected). Some natural questions arising from this situation are whether, when, and how the Gaction on X can be lifted to a G-action on E commuting with the H-action on E. (The commutativity of the G-action and H-action on E is equivalent to the condition that G acts on E by (H-bundle)-isomorphisms, which is to be assumed whenever we speak of a lifted G-action on the total space of a principal H-bundle.) For example, when G acts isometrically on a Riemannian manifold M m , the principal O (m)-bundle P associated with the Riemannian structure of M m always admits a natural lifting, the G-action on P being induced by that on M .
For a G-space X having the homotopy type of a CW-complex, let B (G,H) (X) be the set of equivalence classes of G-(H-bundle)s over X, a G-(H-bundle) over X being a principal H-bundle whose total space admits a lifted G-action, and, two G-(H-bundle)s being equivalent if there is a G-equivariant (H-bundle)-equivalence between them.
For a space Y having the homotopy type of a CW-complex, let B H (Y ) be the set of equivalence classes of principal H-bundles over Y .
Given a G-space X, there is an obvious map
which forgets the G-equivariant structure, yielding the underlining H-bundle of a G-(H-bundle). Im φ is precisely the set of equivalence classes of H-bundles which admit liftings of the G-action on X. Let X G = EG × G X. Choosing a basepoint in EG gives rise to an inclusion i : X → X G , which induces a restriction map:
Given a G-(H-bundle) E
Pr → X, the Borel construction gives E G 
By Proposition 2.1, Im i * = Im φ. We may regard i * as the restriction
the image of which can readily be studied by the Leray-Serre spectral sequence associated with the fiber bundle Proof. In the fiber bundle
by simple connectivity of BG (which is equivalent to the connectivity of G), and, H 1 (X) = {0} by hypothesis; thus we have the following exact sequence, which is a portion of the Serre exact sequence derived from the Serre spectral sequence: 
Proof. If G is 1-connected, G is then also 2-connected as π 2 (G) = {0} for any compact Lie group. Thus, for 1 ≤ j ≤ 3, π j (BG) π j−1 (G) = {0}, and by the Hurewicz theorem, H j (BG) = {0}. Under these conditions, we have the following exact sequence, which is a portion of the Serre exact sequence:
Next, we make an observation regarding E G , the fixed-point set of the total space of a G-(S 1 -bundle). As above, let X be a G-space and Pr : E → X be an S 1 -principal bundle. As we see in the above discussion, liftings, if they exist, may not be unique. In general, the lifted G-action on the fiber Pr −1 [a] over a fixed point a ∈ X G depends on the global lifting and may not always be the trivial one. However, when G is semisimple, the next proposition shows that any lifted G-action on Pr −1 [a] for a ∈ X G is always the trivial action.
Proposition 2.4. Let G be a semisimple Lie group acting on a space X and let
It suffices to show that there is no nontrivial Lie group homomorphism ρ : G → S 1 , i.e., that G has no connected abelian quotient, which follows immediately from the Lie-algebratheoretic definition of semisimplicity. Remark 2.5. A principal S 1 -bundle E over X is the "same" as a complex line bundle L → X, and, a lifted G-action on L is simply a homomorphism G →Iso(L) with a prescribed G-action on the zero section of L. The results in this section can then be restated in terms of complex line bundles.
The G-signature and G-spin theorems.
We review those parts of the index theory that are related to the present study. We first briefly describe the construction of the twisted G-signature of a G-manifold, then state the AtiyahSinger's G-signature formula, and finally include a description of the G-spinorindex.
2n be a Riemannian manifold and G be a Lie group acting on M by orientation-preserving isometries. Let Λ * (T * ⊗ C) be the bundle of complex exterior algebras of the complexified cotangent bundle. There is a bundle homomorphism τ :
defined via the Hodge star * :
Note that τ 2 is the identity. For E → M a G-equivariant complex vector bundle, let Ω * E (M ) be the space of complex differential forms with coefficients in E, i.e., 
where d is the de Rham operator and d * its formal adjoint (with respect to the inner product on Ω * induced by the Riemannian metric). Upon equipping E with a connection, D induces an operator D E on Ω * E (M ) and D E anticommutes with
E is independent of the choice of connections on E, which justifies our notational suppression of the chosen connection. Regarding elements of R (G) as character functions G → C, we denote the value of Sign
Index theory gives a localization formula for Sign G (M ; E) (g), i.e., a formula in terms of the topology of M g , the g-action on the normal bundle N of M g , the bundle E| M g and the g-action on E| M g . We now describe this formula in the special case where g ∈ G is a topological generator of a toral subgroup T ⊂ G.
As
E enters the formula via a class ch (E|
, which we now describe. As M g is a trivial T -space, we can identify
Over each x ∈ M g , the fiber N x of N is a real T -module, which can be decomposed into a sum of two-dimensional irreducible subrepresentations, each of which is of the following type and hence has a canonical complex structure:
For θ ∈ (0, π), let N x (θ) be the sum of those irreducible subrepresentations given by g → e iθ . Then,
where each N x (θ) has a canonical complex structure. (There are only finitely many 
The canonical orientation of N ν induced by the complex structure gives an orien-
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For a manifold X m , the HirzebruchL-class, denoted byL (X), is defined bŷ
are the formal Chern roots of either T X m ⊗ C or (T X m ⊕ 1 R ) ⊗ C according to whether m is even or odd respectively. We writê L k (X) for the 4k-dimensional component ofL (X).
We are now ready to write the Atiyah-Singer's G-signature formula for our case.
Theorem 2.6 (G-Signature Theorem; [2]). For g a generator of a torus in G,
where
, are the formal Chern roots of the complex bundle N ν (θ).
In this formula, the product over θ ∈ (0, π) is a finite product, as d ν (θ) = 0 for only finitely many values of θ.
The
. Index theory provides the following formula.
, a spin manifold endowed with a G-action preserving the spin structure) and E a complex G-bundle over M , [2] constructs an elliptic operator called the Dirac operator whose G-index is called the G-spinor-index and is denoted by Spin G (M ; E). The value of the G-spinor-index at e ∈ G is just the ordinary index of the Dirac operator and is denoted by Spin (M ; E).
The G-spin theorem, similar to the G-signature theorem, gives a localization formula for Spin G (M ; E) (g) in terms of the fixed-point data of the g-action. We now describe this result.
For a manifold X m , theÂ-class, denoted byÂ (X), is defined bŷ
are the formal Chern roots of either T X m ⊗ C or (T X m ⊕ 1 R ) ⊗ C according to whether m is even or odd respectively. We writê A k (X) for the 4k-dimensional component ofÂ (X).
Using the same notation and making the same assumptions as in the discussion of the G-signature theorem, we state the G-spin theorem.
Theorem 2.8 (G-Spin Theorem; [1], [2]). For g a generator of a torus in G,
where for each ν, σ ν equals either 1 or −1 and depends on the action of g on the principal Spin (2n)-bundle associated with the spin-structure of M .
Theorem 2.9 ([2])
.
Localization theorems on certain G-manifolds
In this section, we obtain some localization results for certain "characteristic numbers" of some G-manifolds.
Under less restrictive conditions, we then study, in §3.2, more general numbers of the form
. We begin with a theorem; the condition on the fixed point set appearing therein is remarked upon in §1. 
Remark 3.2. To simplify the proof of this and some later results, we make several observations:
(1) By compactness of G, a G-manifold M can always be endowed with a Riemannian structure so that the G-action on M is isometric. The tool of index theory is then readily applicable. (2) If G is a semisimple compact Lie group acting on M , then, G, the compact universal cover of G, acts on M in a canonical way:
And there exists a circle subgroup S ⊂ G with M S = M S . Therefore, for the proof of Theorem 3.1, there is no loss of generality in assuming that G is simply connected.
Proof of Theorem 3.1. By Remark 3.2, we assume that G is simply connected and G acts isometrically on M . The G-action preserves the orientation of M , as G is connected. To avoid triviality, we assume that the S-action on M is nontrivial.
. We first give a localization formula for rational numbers of the form
in terms of the submanifold F 0 . Let L (c) → M be the complex line bundle whose first Chern class is c. As G is now assumed to be simply connected, by Corollary 2.3, the G-action on M admits
In the following, we use the notation established in §2.2.1.
By choosing suitable orientations, the irreducible subrepresentations of the real S-module N x (x ∈ M S ) are of the form 
be the formal Chern roots of the complex bundle N ν (k) .
According to the G-signature theorem,
Letting s ν (z) denote the νth summand, we have
We now seek to express s ν (z) in terms of z instead of α.
Next, observe that coth
So far, s ν (z) is only defined for z a topological generator of S. If we extend s ν (z) to a meromorphic function on C, it then has poles at some roots of unity (certainly at 1), as can be seen by expanding
is a Laurent polynomial in z and hence extends to an analytic function w (z) on C {0}. In particular, w (z) has no poles on the unit circle. Consequently, in ν s ν (z), cancellation of poles among the summands s ν (z) must take place, implying the multitude of components in M S if M S = ∅. The discussion of the two preceding paragraphs (in which the semisimplicity of G plays no role) applies regardless of whether L (c) is present or not. We summarize this discussion in a proposition about the fixed-point set of an even-dimensional S 1 -manifold. 
For this to be analytic on S 1 , the two summands must have common poles and hence W a = W b . Let k ∈ W a = W b . At each kth roots of unity, the poles in the above two terms are of order d a (k) and d b (k) respectively. For the poles to cancel each other out, it must be that d a (k) = d b (k) and one of the two points a and b receives the negative orientation. Hence, Sign (M ) = Sign S 1 (M ) (z) = 0.
Continuation of proof of Theorem 3.1. We now study the Laurent polynomial w (z) = Sign S (M ; L (c))(z) further.
Applying Theorem 2.7 to our case leads to
To obtain a formula for 
By letting λ = 1, 2, · · · , r + 1, the above is a system of (r + 1) linear equations in the (r + 1) variables
, and
. Solving the linear system gives
The case where n is even is similarly handled. Let n = 2r. Let λ be an integer. (3.1) and (3.2) yield ⎛
By letting λ = 1, 2, · · · , r+1, the above is a system of (r + 1) linear equations in the (r + 1) variables
3) and (3.4) give localization formulae for the rational number
in terms of the submanifold F 0 ⊂ M consisting of those components of M S with codimensions congruent to 0 mod 4.
To finally conclude the proof, we need to allow product of various c j ∈ H 2 (M ; Q) to occur in the formula. Consider We now state the lemma we needed at the end of the proof of Theorem 3.1.
Lemma 3.4. Suppose
A il be the subalgebra of A generated by A l , and let
We relegate the proof to §3.3. 
(P · C) [M ]. We now consider rational numbers of the form (P
where T is some maximal torus containing g. As a standard fact about torus-actions, there always exists a circle subgroup S ⊂ T such that M S = M T . Using such an S and applying Theorem 3.6 yields the desired result.
In Corollary 4.9, this result will be considerably strengthened. We now prepare for the proof of Theorem 3.6. As before, endow M 2n with a Riemannian structure so that G acts isometrically. Let h : M 2n → BSO(2n) be the classifying map for the tangent bundle T M. Define
b "bundlizes" a complex SO (2n)-module. On elements of K(M ) associated with the Riemannian structure, i.e., on elements in (h * • b) (RSO (2n)), the Chern character admits a universal interpretation as a ring homomorphism Ch on the complex SO (2n)-representations to the cohomology of BSO (2n) :
Let σ d be the elementary symmetric polynomial of degree d in n variables. Let x 1 , · · · , x n be the basic characters of the maximal torus T of SO (2n), regarded as cohomology classes in H 2 (BT ; Q). As usual, we identify H * (BSO (2n) ; Q) with H * (BT ; Q) W , the subring of H * (BT ; Q) invariant under the Weyl group W .
Lemma 3.8 ([2]). There exists
U σ d ∈ RSO (2n) such that Ch (U σ d ) = σ d x 2 1 , · · · , x 2 n + higher dimensional
terms. Those higher dimensional terms do not involve the Euler class
We now use this result to immediately deduce:
Proof. Let r = n 2 . We apply a finite induction on d. First we consider the case where d = r.
Note that, because h classifies the principal SO (2n)-bundle, τ , associated with the Riemannian structure of
where the "higher dimensional terms" are of dimension at least 4 (r + 1) > 2n and hence are 0.
Next we examine the case where d = r − 1. Let
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Continuing in this fashion until reaching the case where d = 0 proves the result.
Since Sign G (M ; E) is additive in E, E can be allowed to be an element of
Proof of Theorem 3.6. By Remark 3.2, we assume that G is simply connected and G acts isometrically on M . The G-action preserves the orientation of M , as G is connected.
By Lemma 3.4, it suffices to prove the result for c
Q is a homogeneous 4d-dimensional polynomial in the Pontrjagin classes of M 2n . Let L (c) → M be the complex line bundle whose first Chern class is c. Following the same reasoning as in the proof of Theorem 3.1, the G-action on M admits a (unique) lifting to a G-action on L (c) and S acts trivially on L (c) x for every
We use the same notation as in the proof of Theorem 3.1. Let z be (the complex S 1 -coordinate of) any topological generator of S. Then M z = M S . Calculating just as in the proof of Theorem 3.1, we have
The complex cohomology class
by definition is determined by the submanifold M S ν i ν → M and the S-action around it. Hence the above formula shows that the complex number
is determined by the data of the submanifold i : M S → M and the S-action on N . By continuity of index as a character function on G, the integer
is also determined by the data of the submanifold i : M S → M and the S-action on N . Let 2n = 4r or 4r + 2. An explicit formula for this limit when d = r is to be given in Remark 3.10; when d < r, the limit can be calculated using an induction shown below.
Using Theorem 2.7, we have
We apply a finite induction on d. First we examine the case where
when 2n = 4r + 2, proving the result for d = r.
Next we examine the case where
when 2n = 4r + 2.
Note that P r−1 ·L 1 (M ) is a homogeneous 4r-dimensional polynomial in the Pontrjagin classes, and thus, by the proven case (in which d = r),
can be calculated by localization. Hence, so can Remark 3.10. We now indicate how to calculate P r M 4r or (c · P r ) M 4r+2 using fixed-point data, which is our first inductive step in the proof of Theorem 3.6.
Observe that when dim M = 4r, the localization result for P r [M ] requires neither the semisimplicity of G nor the relation between M S 1 and M G because L (c) does not figure in the calculation. For this case, an explicit localization formula is given in [2] . We first briefly describe this formula; we then indicate one for (c · P r ) [M ] when dim M = 4r + 2.
In light of the splitting principle, P r (p 1 , · · · , p r ) may be formally regarded as
2 n (where x 1 , · · · , x n can be regarded as the basic characters of the maximal torus T of SO (2n)). We will write the formulae in terms of P r .
First let dim M = 2n = 4r. S 1 acts on the normal bundle N ν with weights (counting multiplicity) ω ν,j ∈ Z, j = 1, · · · , n − t ν ; let y ν,j be the corresponding Chern roots. (In detail, one constructs a "flag bundle"
, each η ν,j being an S 1 -invariant complex line bundle on which z ∈ S 1 acts via multiplication by z ω ν,j ; and y ν,j = c 1 (η ν,j ).) Using index theory, [2] shows that, formally,
ν . Using a calculation identical to the one which leads [2] to the above formula, one easily obtains, when dim M = 2n = 4r + 2, that
Using these formulae and the induction steps shown in the proof of Theorem 3.6, one can then calculate c
In (the proofs of) Theorem 3.1 and 3.6, the determination of certain "characteristic numbers" involving c is seen to require no knowledge of the lifted G-action on L (c); this relies on the fact that the G-action on L (c) | M S is trivial, a consequence of the semisimplicity of G and the condition on the relation between M S and M G . In general, when M S = ∅, to deduce the vanishing of the numbers in question, we only need to know the existence of a lifting of the G-action to an action on L (c) without having to know how to produce one; Corollaries 2.2 and 2.3 give some sufficient conditions for the existence of a lifting. When M S = ∅, a "localization" result on the numbers in question will require the knowledge of a lifting. We summarize this discussion in the following theorem. We now use the last result to make an observation. [7] shows that if X is a Tspace (T being a torus) with vanishing even-dimensional rational homotopy groups, then X T is either empty or connected. Proposition 3.3 shows that if M is an evendimensional manifold admitting a nontrivial T -action, then M T is either empty or disconnected. Hence, Proof. Suppose M admits a T -action, T being some torus. As H 1 (M ) = {0} and
be connected by the result of [7] quoted above; as dim M is even, M T must be disconnected by Proposition 3.3. This contradiction proves the result.
This implies a result of [12] , which shows that, when M is as above, the nonvanishing of j c j [M ] is an obstruction to S 1 -actions on M . An example is yet to be seen in which Corollary 3.12 is genuinely stronger. 
Proof. What needs to be shown is the fact that an element in B d of the form Our task is to show that each summand in T (c) can be written as a linear combination of elements of the form a d with a ∈ A l . In S 0 (c), each summand contains fewer than N distinct A l -factors; thus, by the induction hypothesis,
We now examine T (c) more closely:
We then can rewrite the above as: 
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The coefficients of this linear system form a Vandermonde matrix, hence this system is invertible. As T c (1,t) ∈ V d for each t, we deduce that 
Obstructions from the fundamental group
In this section, we study obstructions, stemming from π 1 (M ), to the existence of certain group actions on M . The results produced here are "higher" versions of those in §3 in the following sense.
Given a manifold M , an element x ∈ H * (π; Q) determines a rational character- In this section, we consider, for certain x ∈ H * (π; Q), numbers of the form (f * (x) · P · C) [M ] . For example, we show, in Theorem 4.8, that if M admits an action by a semisimple Lie group such that some group element acts without fixed point, then (f * (x) · P · C) [M ] = 0. We first review, in §4.1, techniques developed by [3] , of which we note some immediate consequences. We then state and prove some "higher" vanishing theorems in §4.2.
4.1. G-actions and the fundamental group. In §4.1.1, we introduce [3] 's work relating the fundamental group of a G-manifold to the study of the G-action and we derive some direct consequences of it. In §4.1.2, we note an application. is an isomorphism. Another sufficient condition for the finiteness of s * o * (π 1 (G)) is that the isotropy subgroup G a j → G be connected and π 1 (G) /j * π 1 (G a ) be finite. To see this, first note that the orbit map o factors as follows:
Note also that, for any connected subgroup H j → G, π 1 (G/H) π 1 (G) /j * π 1 (H), which is easily seen via the long exact sequence of homotopy groups for the bundle H → G → G/H. Thus, under the stated condition, o * (π 1 (G)) is finite.
We summarize this discussion in (1) G is semisimple;
